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Digital Robust Control Law Synthesis
Using Constrained Optimization

‘ Vivek Mukhopadhyay*
Planning Research Corporation, Inc., Hampton, Virginia

A direct digital control law synthesis procedure to meet multiple design requirements for a large-order flexible
structure using the constrained optimization technique is described. A linear quadratic Gaussian-type cost
function is minimized by updating the free parameters of the control law, while satisfying a set of constraints
on the design loads, responses, and stability margins. Analytical expressions for gradients of the cost function
and the constraints, with respect to the digital control law design variables, are used to facilitate rapid numerical
convergence. The designer can choose the structure of the conirol law and the design variables, hence a stable
classical control law as well as an estimator-based full- or reduced-order control law can be used as an initial
starting point. Selected design responses can be treated as constraints instead of lumping them into the cost
function. This feature was used to modify a control law in order to meet individual root-mean-square response
limitations as weil as minimum singular value restrictions. Low-order robust digital control laws were
synthesized for gust-load alleviation of a flexible remotely piloted drone aircraft.

Nomenclature
A ,B,C,D = control law quadruple matrices
E[ ] =expected value of [ ]
F,G,H ,E =plant quadruple matrices
& =nth constraint

G =plant transfer matrix

I =jidentity matrix

k =sampling stage

K = controller transfer matrix

M = order of control law

N, =number of design output
N;,N,.,N, = order of plant, input, and output

N, =number of constraints

N, =number of plant noise input
p = control law matrix quadruple
R, =noise covariance of 7,

R,,R,  =noise covariance of v;,w;
tr{ | =trace of a square matrix

T =sampling interval

u =plant input vector

Vi =output noise vector

Wy =plant noise vector

X =plant state vector

X, X, = covariance of Xk

i = plant output vector

Yax =design output vector

8,0, =elevator, aileron deflections
o =Kroneker delta

Nk = fictitious input noise

A, =Lagrange multiplier matrix

o =minimum singuldr value .

op =desired minimum singular value
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Introduction

A FLEXIBLE aircraft or space structure with active
control is typically modeled by a large-order state space
system of equations in order to accurately represent the rigid
and flexible body modes, unsteady aerodynamic forces,
actuator dynamics, and gust spectra.! The control law of this
multi-input/multi-output (MIMO) system is expected to sat-
isfy multiple design requirements on the dynamic loads,
responses, actuator deflection, and rate limitations, as well as

'maintain certain stability margins, yet should be simple

enough to be implemented on an onboard digital microproces-
sor. This paper describes a direct digital control law synthesis
procedure for such a system, using the constrained optimiza-
tion technique. The procedure minimizes a linear quadratic
Gaussian (LQG) type cost function while trying to satisfy a set
of contraints on the design loads, responses, and stability
margins. Analytical expressions for the gradients of the cost
function and the constraints, with respect to the control law
design variables, are used for computation. This facilitates
rapid convergence of the numerical optimization process. The
designer can choose the structure of the control law and the
design variables. This enables optimization of a classical
control law as well as an estimator-based full- or reduced-or-
der control law. Selected design responses are incorporated as
inequality constraints instead of lumping them into the cost
function. This feature is used to modify a control law to meet
individual root-mean-square (rms) response limitations and
design requirements. The minimum singular value of the
return difference matrix at the plant input and output are also
used as additional inequality constraints in order to improve
the stability robustness properties in the frequency domain.
The basic gradient approach for synthesis of discréte
control law of arbitrary order was proposed in Ref. 2. Addi-
tional formulation and optimization algorithms for output
feedback system were presented in Refs. 3 and 4. The
contribution of the present paper is 1) treatments of design
requirements on rms loads and responses as inequality
constraints, and 2) use of constraints on the minimum singular
value to improve stability margins at the plant input and
output. This procedure is the discrete-timc equivalent of those
presented in Refs. 1, 5, and 6 for a continuous-time system.
Similar procedures, without the inequality constraints, were
also presented in Refs. 7-10 in continuous-time domain. The
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software developed to execute the present procedure can be
used as a generic tool for parameter optimization of stable
digital dynamic compensators. Second-order digital control
laws were synthesized for gust-load alleviation of a remotely
piloted flexible drone aircraft!!-that was modeled by a
32nd-order system. The stability robustness was improved at
both the plant input and output.

System Description

A sampled data MIMO feedback control system can be
modeled by a set of constant coefficient finite-difference
equations in state space form ,as shown in Egs. (1-5). They
may represent discrete time, equations of motion, due to a
small perturbation from a steady-state equilibrium condition
for a flexible aircraft or a large space structure, and may be
derived from the corresponding continuous equations.!-12

Plant
Xy =Fx + G,y +m) + Gy ¢))
Outpuit
Y =Hx; + v, (2)

Control law

%r1 = Az, + By, ®
u =Cg + D.VI; @
Design output 7
Yar = Hpxy + Eduk ®)
where
k=0,1,2,..(N-1)

The plant state vector x,, input vector #,, plant disturbance
w, plant output vector y, design output vector y,, and
control law state vector g, are of order N;, N, N,,, N,, Ny,
and M, respectively. In general, the order of the control law M
is lower than the order of the plant N,. The plant disturbance
w;, and output measurement error vy are zero mean discrete
white noise processes with covariance R, and R, respectively.

The vector #, can be treated as a control command or as a
fictitious plant input white noise process with covariance R,,.

E[w] = Elv,] = E[n] = [0]

Ewwl] = R,8y, Evv[] = R,8y

E[gn™]=R,64 ©)
Initiglize
controller
Unstable
Y Stable
‘ L N
Solve Lyaptnov Compute singular
Update controller equations value, gradients
] T . |
Method of ; —
feasible directions Compute performance index,
T constraints and gradients
T

Y .
LOptlmal controlleq

Fig. 1 Optimization scheme simplified block diagram.
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Equations (1-4) may be expressed as an augmented system of
equations, shown in Eqs. (7-9), which are similar to a simple
output feedback formulation. Other variations of the aug-
mented system formulation are possible depending on the
controller structure.*

(el U2

M

G, G, 0 .

+ Wy )
0 0 0

Mk

¥y H 0] (x (0 0 I
= + | we ¢ (8)
Z)k 0 I )k LO 0 0
Vi
U, D C— y '
=|. . ®
Zk+1 B A] 2z«

Equatlons (7-9) may be rewritten in more famlllar notation
using a hat superscript to maintain the output feedback look.
This simplifies the parameter optimization problem formula-
tion and derivation of thé gradient expressions considerably.

Xpy1=FR + Gu + &, 10)
i = Hzy + I, (11)
i = AYk (12)

Other forms of digital control laws, which include-control
input rates as additional states* or average delayed sampling"?
to account for computational delay. (i.e., 2,1 = A% + By,
+ By, and uy .= Cg + Dy, + Dy or y, = Hx, _, + Eu,_,
+ v;_), can also be cast into the form of Eqs (10-12).

Problem Formulation
A simplified block diagram of the constrained optimization
scheme is shown in Fig. 1. For a given closed-loop stable
system described by Egs. (7-9) the free parameters of the
controller quadruple P are updated in order to minimize the
steady-state expected value of the cost function J defined by
Eq. (13).

Cost function

AR

The minimization is subject tQ a set of inequality constraints
on the steady-state mean-square values of selected design
output responses defined by Eq. (14).

Constraints on the design output

EE[ygn]/E[y(gn max] -1=<0 (14)
n=1.2,.;N,

where E [yﬁn] consists of selected diagonal terms of the matrix

Eba) - B (0 a9

In Eqgs. (10-12), the subscript. k£ has been dropped to indicate
a stochastic steady-state condition ard for clarity. Although
the cost function J is defined in general terms, most of the
design requirements can be imposed as inequality constraints
in Eq. (14) instead of lumping theni all in the cost function of
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Eq (13). This feature can be used to modlfy an ex1st1ng
control law to meet individual maximum rms response
limitations and des1gn requlrements Addltlonal constraints
are imposed on the minimum singular value ¢ of the return
difference -matrix at the plant input [I + KG] and output
[ + GK], as shown in Eqgs. (16) and (17), using the procedure
reported in Ref. 6 for a continuous system. The transfer
matrix of the plant G(jw,T) and compensator K (P, jw,T) are
defined in the frequency domain as Hlexp(w, — T)I
—F]~'G, and Clexp(jw, — T)I. - A]~'B + D, respectively,
where T'is the sampling perlod The w, is a set of N, frequency
points below the Nyquist frequency 1r/ T radians.

Constraints on minimum singular value

gN + l(P)——i E [max{0, op —
Npp 1

gn, +2(P) = 1 ¥ > [max{0, o, — o[l + GK]}]2 <0 (17
Npp 1
The op(w,) is the desired mlmmum singular value. Equatlons
(16) and (17) provide a cumulative measure of violation of the
singular value constraints. . These constraints are. usually
imposed at a later stage of synthesis to improve stability
robustness at the plant input and/or output. A graphlcal
representation of these constraints is shown} in Fig. 4 in Ref. 6.
The idea is to reduce the area below the o, line to zero while
keeping the system stable.

The analytical expressions for the gradlents of the cost
function and the constraints, with respect to the elements of
the control law quadruple matrix P, are described next. Using
these gradients, a numérical constrained optimization tech-
nique called the method of feasible directions'* is used to
update the selected free paramieters of the control law while
attenipting to satlsfy the inequality constraints. The (designer
can choose the stiucture of thé control law as well as. the
des1gn variables. This enables optimization of classical control
laws'S as well as an estimator-based full- or reduced-order
control laws.!3-16

Gradients of the Cost Function : '
Substituting Eq. (12) into Eq. (10), the closed-loop system
equations with white noise input may be written as

Xes1=F + Gy (18)

where

H =

It
’11)

Fa

(R

[F + G,DH GuC]
BH A

. MA='GquG,,D]
G,,_GW+GP1_[O A

The steady-staté mean-square responses can now be computed
by solving for the steady-state condition of. the discrete
Lyapunov equation (19) that is satisfied by Eq. (18), since the
augmented state vector and noise vector are uncorrelated and
the expected values of their cross products are zero.!6:!7

X1 = FEXF] + GRG] 19

Here X, = E[#]], and R, is the squate noise covariance
matrix of ;. A steady-state solution will exist if the closed-
loop system is stable (i.e., all eigenvalues of F, have magm-
tudes less than unity). Once the steady-state Value of X is
known, the cost function and other mean-square responses
can also be computed from Egs: (10-12). After some matrix
manipulatiorn, the cost function in Eq. (13) can be expressed as

J = tr{(Q, + MPH + (PE)TIX] +

tr[(PDTO,(PDR,] @0

ol +KG2<0 (16)
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where ;

| Q,=0,+ (PH)"0,(PH)

The subscrlpt k has been dropped to indicate a stochastlc
steady-state condition. Using a Lagrange multiplier matrix Ay
and ‘matrix trace properties, the gradients of the cost function
Jwith respect to the elements of the matrix P can be éxpressed
in a matrix form, as shown in Eq. (21). The derivation is

similar to that presented in Ref. 1 for a continuous-time
system

87/3P = 260, + GTAG)P(HXHT + IR,,ﬂ)
+ (GTAF + MT)XH7] - : @1

Here X and A satlsfy the steady state condition of the discrete
Lyapunov equatlons (19) and (22). .

A =FTA,, Fy + [Q,, + MPH+ (MPH)T] 22)

Equatlon 21) has exactly the same form asin the dlrect output
feedback case,* and one can wrlte expllcn expressmns for P by
setting .the gradlent 8J/3P'=0. Starting. from equations
siilar to Eqs (19-22), explicit optimality conditions were
derived by, Berristein et al.'* In the present approach, the
gradlent expressions are used for numerical parameter search.

Gradients of the Desngn Output Consttamts : .

The gradient of the constramts &as defired in Eq 14 is
obtained by derivmg expressions for the gradlents of selected
diagonal térms in Eq. (15). This procedure is-similar to that
for the cost function gradient. For example, Eq: (15) can be
writtén as

Elysyi) = H.XH] + (EdD)R;(EdD)T @)
where
Assumlng yqto be a scalar J’d,, chosen as the nth constraint,
and H,; and E,, to be the row vectors consisting of the nth row
of the matrices H, and E,, respectively, one may write the
scalar equation
E[}] = u[H/H.X] + t[EDYEDR,)  (24)

for each of the constraints, and the corresponding analytical
gradient expressions are

aE[y;]'/aA =2[A}]
3E[y2]/3B = 2[(ALG,D + AB)R, + (ALH)T]
AE[y2]/aC = 2[EIE,(DHX,, + CX.)
+ EdH,,Xsc + GTAL]
6E[yd]/aD = 2(ETE,[((DHX, + CXL)HT + DR,]

+ ETHXHT + GT[(AG.D + AB)R, + 'HT  (25)

where v . .
A= arx = [or ] 26)
Ase A; (Ng+ M) x (Ng+ M)
X= [XST X“] ‘ @7
Xsc Xc (Ng+ M) X (Ng+ M)

and X and A satisfy the s‘te’ady-’svtate condition of the discrete-
Lyapunov equations (19) and (28).
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Ay =FJ] Ay \F, + [HH,) (28)

The gradients of the singular value constraints defined in Eqs.
(16) and (17) were derived as in the continuous-time case.!81?

Design Variables :

Since all the elements of the control law quadruple matrices
A, B, C, and D in Egs. (3) and (4) are not independent, it is
necessary to choose a set of design variables from the
M(N, + N,) + NN, free elements.:” There are several pos-
sible ways of doing this. For a transfer function type control
law in the Z or w domain,!® the variable elements can be
identified. If Eqgs. (3) and (4) are expressed in block diagonal
form or in minimum realization form, the nonzero elements of
the 4 matrix can be identified as the real and imaginary part
of the compensator eigenvalues. The elements of matrix C can
be treated as feedback gains and can be used as design
variables. This approach was used for the design example. In
the digital control law synthesis software, the designer initially
selects a set of design variables from the elements of the matrix
P. The elements that do not change substantially over the iter-
ation, or have relatively small normalized gradients, can later
be eliminated. Starting with a stable control law and using the
optimization scheme shown in Fig. 1, the design variables can
be modified to minimize the cost function and satisfy the
design constraints.

Gust Load Alleviation Example

The parameter optimization procedure was applied to
synthesize second-order digital control laws for gust-load
alleviation (GLA) of the flexible drone aircraft reported in
Refs.5 and 11. The basic control scheme is shown in Fig. 2. In
longitudinal motion, the symmetric elevator and outboard
aileron deflections are used as the two control inputs.
Accelerometer sensors positioned symmetrically near out-
board ailerons and in the fuselage near the center of gravity
are used as two measurement outputs. The linear, small-pertu-
bation equations of motion of the flexible aircraft in longi-
tudinal, symmetric level flight was expressed by a 19th-order

Outbqurd aileron

Accelerometers

Elevator Anti-aliasing
Se filters
D/A - Sq Flex. aircraft 50 b2
Z0H actuator sensor - —— ..w
2 RBM 3 flex. mode| LS¥01 | 7Z¢

32nd order plant

Digital
control law

Y
A/D

Fig. 2 Gust-load alleviation control scheme.
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state space system of equations. This basic model included
rigid body plunge rate, pitch, pitch rate, three wing flexible
modes, and two aerodynamic lag terms!-® for each of the rigid
and flexible modes. These lag terms are used to model the
unsteady aerodynamic effects, approximately. The rigid body
plunge position mode was excluded, since it does not
contribute to the dynamics. A third-order elevator actuator
dynamics [20/(s + 20) with a 100 Hz double-pole filter] and an
eighth-order aileron actuator dynamics were added. A second-
order filter, shown in Eq. (29), which approximates the
Dryden gust spectrum driven by a unit white noise w to
generate a 1 in./s rms transverse gust velocity, was also added
to obtain a 32nd-order continuous plant model. (Details of the
continuous and discrete models, with sampling at 100 Hz, are
available from the author.)

E—WE = 0, VIV/L(V/IND) +s)/[(V/D) +5P 29)

Here £, is the gust state, o, the rms gust velocity, / the scale
of turbulence or characteristic length, and V the flight
velocity. For numerical calculation, the design flight condition
was chosen at 24,000 ft altitude, at dynamic pressure of 2.95
psi, and / = 2500 ft. The corresponding flight velocity was
10,530 in./s, and Mach number was 0.86. The open-loop
eigenvalues corresponding to the plunge, pitch, and three wing
flexure modes were — 1.466, —0.1346 + j5.468, — 13.4 + j86.89,
—32.43 £ j168.6, and — 14.05 + j218.8, respectively. Design
responses, such as wing root bending moment (WRBM) and
wing root shear (WRS), wing outboard bending moment
(WOBM) and wing outboard torsion (WOT), symmetric
elevator and aileron deflections and rate, were computed.

The objective was to design a robust, low-order, digital
GLA control law, which will reduce by half the open-loop rms
values of the wing root bending moment and shear without
increasing the rms outboard bending moment and torsion to
aviod shifting the wing load outboard. The robustness
requirement was specified in terms of minimum singular value
of the return difference matrix at the plant input and output.
A minimum value of g, = 0.6 would provide a simultaneous
guaranteed MIMO gain or phase margins of — 4 dB, + 8 dB,
or =+ 35 deg, respectively.5!8

GLA Control Law Synthesis

The open-loop rms values of WRBM, WRS, WOBM, and
WOT were obtained first by solving the steady-state Lyapunov
equation. These were found to be 209.6 lb-in, 3.75 1b, 1.66
Ib-in, and 0.76 1b-in, respectively, for a 1 in./s rms gust. The
maximum allowable rms deflection and rate for the elevator
and aileron were specified to be 0.00006981 rad, 0.0035 rad/s,
0.000412 rad, and 0.0558 rad/s, respectively, for a 1 in./s rms
Dryden gust. Second-order digital GLA control laws were
synthesized to meet the design objectives and were compared
with full-order LQG control laws. A summary of the result
obtained is presented in Tables 1-3. The rms wing loads, as
percentages of the corresponding open-loop values for differ-
ent control laws, are presented in Table 1. The control surface

Tablel Root-mean-square wing loads as percentages of open-loop values,
and control surface activities as percentages of maximum allowed due to a unit rms gust

rms loads on wing due to unit
Dryden gust, % of open loop

rms control deflection and
rate, % of maximum allowed

Wing root Wing outboard Elevator Aileron
Design (order) BM Shear BM Torsion & &1 02 62
Open loop 100 100 100 100 0 0 0 0
Full state 26 25 23 17 49 6 35 32
LQG (32) 49 49 81 57 20 3 13 9
Law [ (2) 63 60 140 63 13 1.5 51 10
Law II (2) 43 43 101 66 25 1.7 25 1.3
Law III (2) 45 45 92 62 33 3 5 1
Law IV (2) 46 46 93 63 27 3 2 1
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Table 2 Peak time responses of WRBM, WRS, WOBM, WOT, elevator and aileron deflections,
short-period frequency, and damping ratio, due to a 1 in./s step-gust input

Design WRBM, WRS, WOBM, WOT, o1, 52 Wsps

(order) Ib-in. b Ib-in. Ib-in. radx10™* radx10™* rad/s (o,
Open-loop 36 0.65 0.12 0.10 0 0 6.47 0.017
Full state 20 0.35 0.09 0.06 0.25 0.13 7.04 0.430
LQG (32) 32 0.58 0.12 0.08 0.29 0.30 5.50 0.170
Law I (2) 32 0.55 0.28 0.05 0.04 0.40 5.86 0.060
Law II (2) 30 0.55 0.26 0.12 0.05 0.46 5.82 0.175
Law III (2) 28 0.52 0.12 0.07 0.16 0.16 5.75 0.136
Law IV (2) 32 0.58 0.12 0.07 0.08 0.025 5.49 0.179

Table 3 Second-order digital control law quadruples
for gust-load alleviation

Law I
10.9621 0 [ —0.00141 —0.00179
a=| 0 0.8706] c=| —0.01196 — 0.0405 ]
Law I1
T0.9712 0 [ =0.00201 — 0.00077
a=| 0 0.8646} c=[ 0.01424 —0.01278]
Law III
0.9933 0 [ —0.00245 — 0.00071
a= 0 0.9944] c-| —0.01531 —0.01117]
Law IV
0.9698 0 [ =0.00270 —0.00068
a=| 0 0.9721] c=| ~0.01512 —0.01133]
All
0.000208

5= 0.000444) 1, _[00]

—0.000263 — 0.000578 00

rms deflections and rate, as percentages of maximum allow-
able values, are also shown in Table 1. The peak transient
loads and responses due to a 1 in./s step gust input for the
open-loop system and the closed-loop system with different
control laws are presented in Table 2. The short period
frequency and damping ratios are also shown in Table 2. The
second-order digital control law quadruples are shown in
Table 3.

In order to obtain a stable initial control law, it was
convenient to start with a continuous system, obtain a state
feedback controller and a LQG state estimator, and then
reduce the order of the resulting LQG .control law by
truncation or residualization.!:!? The reduced-order controller
in block diagonal form was then discretized, using Z
transform with a zero-order hold and a sampling rate of 100
Hz. Two 50/(s + 50) anti-aliasing filters were added to the two
accelerometer measurements of the continuous plant model.
The plant state space model was then discretized, using Z
transform with a zero-order hold at 100 Hz sampling rate.
Unconstrained and constrained optimization schemes were
applied on these discrete models of plant and control laws.

Full-Order LQG Control Laws

A state feedback optimal GLA control law for the contin-
uous-time system was obtained using J = E[y1Q,y, + uTQ,u]
where y, consisted of WRBM, WRS, WOBM, and WOT, and
u consisted of elevator and aileron input 8, and §,, respec-
tively. The diagonal weighting matrix Q, was chosen as the
inverse of maximum desired mean-square value of the
WRBM, WRS, WOBM, and WOT (i.e., Q, = diag [1/(104.8)
1/(1.87) 1/(1.66)* 1/(0.76)?]). The diagonal weighting matrix
Q, was also chosen as the inverse of maximum allowable
mean-square elevator and aileron deflections, following
Bryson’s rule!’ (Q, = diag [1/(0.00006981)? 1/(0.0035)%]). The
corresponding rms values due to a 1 in./s rms gust are shown
in Table 1 as percentages of open-loop responses for the wing
loads and as percentages of maximum allowable deflection

and rate for the control surfaces. The peak transient loads and
control surface deflections for the full-state design, dueto a 1
in./s step gust input are shown in Table 2. The corresponding
short period damping ratio is 0.43.

This full-state LQ control law satisfies all the design
requirements, but it cannot be implemented since all the states
are not available for feedback. The implementation may be
possible with an LQG state estimator. This was designed using
R, =[0], R, =1 (a unit intensity plant noise input, corre-
sponding to a 1 in./s rms Dryden gust), and measurement
noise intensity R, = diag [2 1] for the wing and fuselage
acceleration measurements, respectively. The closed-loop
normalized rms responses using the 32nd-order LQG state
estimator are higher, as expected, compared to the full-state
case, but they still satisfy the design requirements. This is
shown in Table 1, where all the rms values were computed
assuming zero measurement noise. The peak transient loads
due to a unit step gust input increased considerably, as shown
in Table 2. The corresponding short period damping was
reduced to 0.170.

Second-Order GLA Control Laws
Initial Control Law (Law I)

The 32nd-order LQG control law is difficult to implement
in a flight computer. A low-order control law with similar
performance is often desirable. It was found that a stable
second-order control law can be obtained by truncating the
full-order LQG control law, retaining only the key controller
states corresponding to the pitch angle and pitch rate
perturbation state estimates.!® This second-order control law
was transformed into a block diagonal form and then
discretized using Z transform with a zero-order hold at 100
samples/s. The results are shown in Table 3 as Law I. This
truncated control law was stable, and the corresponding
normalized rms values of the closed-loop sampled data
system, using discrete plant input noise intensity R, of 1/T
(corresponding to approximately 1 in./s rms Dryden gust), is
shown in Table 1. Although the rms values of WRBM, WRS,
and WOT were reduced by 30% the WOBM increased over
40%, and none of the design requirements were satisfied. The
aileron rms deflections increased considerably but were still
within the allowable limits. The short period damping ratio
was only 0.060 (see Table 2).

Unconstrained Optimization (Law II)

The present optimization procedure was applied next, using
Law I as the initial value in order to satisfy the design
requirements. First, the unconstrained optimization was
attempted, using the same weighting matrices on the design
output and control input as in the full-state continuous case.
A unit rms gust was used to drive the system, and the
measurement noises were set to zero. The four elements of the
C matrices and the diagonal elements of the A matrix were
used as the six design variables. The optimized control law
obtained after five iterations is shown in Table 3 as Law II.
The corresponding closed-loop normalized rms responses,
shown in Table 1, indicate 57% reduction in the WRBM and
WRS and 37% reduction in WOT. The WOBM, however, was
1% higher than the corresponding open-loop value. The rms
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Fig. 3 Normalized cost function vs iteration (unconstrained opti-
mization, Law II).
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Fig. 4 Normalized cost function and constraint vs iteration (con-
strained optimization, Law III).
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Fig. 5 Time responses of a) first wing flexure mode, b) pitch mode
due to 1 in./s step gust.

control surface activities indicate equal sharing of workload
by the elevator and aileron. The short period damping ratio
was about 0.175. The plot of normalized cost function vs
number of iterations, shown in Fig. 3, indicates convergence
in one iteration.

Constrained Optimization (Law IIT)

In order to prevent the small increase in the outboard
bending moment, the constrained optimization procedure was
attempted next, using the control Law II as the initial value.
The rms outboard bending moment was treated as a con-
straint, instead of lumping it with the cost function. The
maximum allowable rms value of WOBM was chosen as 1.6.
After 20 iterations, an optimized control law was obtained. It
is designated as Law III and is shown in Table 3. The
corresponding closed-loop rms values, shown in Table 1,
indicate net reduction in the open-loop WRBM, WRS,
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Fig. 6 Time responses of elevator and aileron deflections due to 1
in./s step gust.

At input At output

\//g(1+<ek)'1)

o (1+(k6) 1)

Law-1T dB -5
-10

_15.—

-20 1 il 1 1

10 1

5

0

Lw-11T dB -5 = N\Ff——-——-
-10 o [+KG)

-15

_20 ] 1 1 ]

0.1 1.0 10 102 103
Frequency, rad/sec

S(I+(K6) ™)

1 1 1 ]
0.1 1.0 10 102 103
Frequency, rad/sec

Fig. 7 Minimum singular value plots at plant input and output (Law
II and Law HI).

WOBM, and WOT by 55, 55, 8, and 38%, respectively. The
rms control surface activities indicate that most of the
workload was shifted to the elevator. The peak transient loads
were lower compared to Law II, although the short period
damping ratio was reduced to 0.136 (Table 2). The plot of cost
function and constraint vs iteration, shown in Fig. 4, indicates
that the constraint on WOBM was satisfied in one iteration at
the expense of increased cost function, which was subse-
quently reduced along with the WOBM.

The transient responses of the open-loop system and the
closed-loop system with Law II for a 1 in./s step gust is shown
in Fig. 5 for the first wing flexure mode and pitch mode. The
GLA control Law II damped out the transients in about 2.5 s.
In order to compare the transient response characteristics of
the different control laws, the peak transient responses are
tabulated in Table 2. The transient responses of the elevator
and aileron deflections of the closed-loop system, using Laws
II and 111, are shown in Fig. 6. From Table 2 and Fig. 6, Law
III appears to provide better transient response to a unit step
gust than Law II.

Stability Margin Improvement (Law 1V)

The stability margins at the plant input and output were
evaluated by computing the minimum singular values of the
corresponding return difference and inverse return difference
matrices, as in the continuous-time case.%!%:1% For the discrete
system, the singular values were computed by replacing the
term Z in the Z domain transfer matrix with exp (jw,T), where
w, is a set of N, frequency points below the Nyquist frequency
#x/T, and T is the sampling period.!? The input and output
signals were assumed to coincide with the sampling instant.
The minimum singular value plots of the return difference
matrix and inverse return difference matrix at the plant input
and output using Laws II and III are shown in Fig. 7. At the
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Fig. 8 Optimized minimum singular value plots at plant input and
output (Law IV).

plant input, the minimum singular values of (I + KG) and
[ + (KG)~1] were —15.0 and — 14.5 dB, respectively, for
Law II and — 10.0 and — 7.5 dB, respectively, for Law III.
The corresponding maximum guaranteed simultaneous gain
or phase margins at the plant input were + 1.8 dB, — 1.9 dB,
or =+ 12 deg for Law II, and + 3.4dB, — 4.8dB, or =24 deg
for Law III, respectively. At the plant output, the minimum
singular values of (I + GK) and [I + (GK)~!] were — 7.0 and
~ 5.0 dB, respectively, for Law Il and — 9.0 and — 5.6 dB,
respectively, for Law III. These values correspond to gain or
phase margins of + 5 dB, — 7 dB, or =+ 33 deg for Law II,
and + 3.8dB, —6dB, or =+ 30 deg for Law III, respectively.
From the singular value analysis, Laws II and III appear to be
robust to perturbations at plant output but not at plant input.

In order to improve stability robustness at both the plant
input and output, Law III was re-optimized using two
additional constraints corresponding to a required minimum
singular value of (I + KG) and (I + GK) not less than 0.6 or
—4.43 dB, as shown by the dashed lines in Fig. 7. The
constraint on the wing outboard bending moment was also
retained. After seven iterations, an optimized control law was
obtained. It is designated as Law IV and is shown in Table 3.
The corresponding closed-loop rms loads and peak transient
responses increased marginally from those of Law III and are
presented in Tables 1 and 2. The minimum singular value plots
at the plant input and output are shown in Fig. 8. At the plant
input, the minimum singular values of (I + KG) and [(/ +
KG)~ '] were —4.63 and — 1.0 dB, respectively, for Law IV.
These correspond to maximum gain or phase margins of
+ 5.5 dB, —16 dB, or =53 deg, respectively, at the plant
input. At the plant output, the minimum singular values of
(I + GK) and [I + (GK)~!] were —4.56 and — 0.9 dB, re-
spectively, for Law IV. These values correspond to gain or
phase margins of + 5.7 dB, — 17 dB, or + 53 deg for Law
IV, respectively, at the plant output. Thus, substantial
improvement in stability robustness was obtained at the plant
input and output by using the constrained optimization
technique.

Conclusions

A generic procedure for parameter optimization of a digital
control law for a large-order flexible flight vehicle or large
space structure modeled as a sampled data system was
presented. A linear quadratic Gaussian-type cost function was
minimized while satisfying a set of constraints on the
steady-state root-mean-square values of selected design loads
and responses and on minimum singular values, using a
constrained optimization technique to meet multiple design
requirements. Analytical expressions for the gradients of the
cost function and the design constraints on mean-square
responses with respect to the control law design variables were
presented. This type of gradient computation seemed to
facilitate fast convergence of the numerical optimization
process. The methodology can be used to optimize a digital
control law synthesized by classical methods or an estimator-
based full- or reduced-order control law. The effects of
anti-aliasing filters and other delay terms can be included in
the design process. Existing control laws can be modified to
meet individual response limitations and design requirements.
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The synthesis methodology was demonstrated using a gust-
load alleviation problem of a drone aircraft modeled by a
32nd-order system. Second-order digital gust-load alleviation
control laws were synthesized and compared with full-order
optimal control laws. The low-order digital control law
reduced the open-loop rms values of the wing root bending
moment and shear by 55% without increasing the outboard
bending moment due to a random Dryden gust. The wing
outboard torsion was reduced by 38%. The control surface
deflections and rate were within the allowable limits. The
stability margins were evaluated from the singular value
analysis and then improved at the plant input and output by
satisfying singular value constraints.
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